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Synergy Between Global Positioning System Code, Carrier,
and Signal-to-Noise Ratio Multipath Errors
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Global positioning system code, carrier and signal-to-noise ratio (SNR) measurements are corrupted by multi-
path signals that can signi� cantly affect the quality of data used for static and kinematic positioning applications.
A tool to simulate code, carrier, and SNR multipath errors in a user-de� ned, multiantenna and multire� ector
environment for multipath error analysis is developed and described. Various relationships between parameters
such as the multipath amplitude, phase, and frequency with the satellite dynamics, antenna–re� ector distance,
antenna–re� ector geometry, and signal frequency are derived. Multipath spatial and temporal correlation are
analyzed using simulated and � eld data. The similarities and differences of code, carrier, and SNR multipath error
characteristics are also investigated.

Introduction

M ULTIPATH is one of the most signi� cant sources of error
in high-accuracysatellite-based applications using differen-

tial positioning. Multipath is the phenomenon whereby a signal is
re� ected or diffracted from various objects in the environment and
arrivesat the receivervia multiplepaths.1 It can be as large as several
meters for the codeand severalcentimetersfor the carrierphasewith
currently available receiver technologies,and it cannot be removed
through differential positioning due to its highly localized nature.2

Multipath effects on a pseudorandom noise (PRN) ranging re-
ceiver were studied by Hagerman.3 His comprehensive investiga-
tion of multipath effects on a delay lock loop (DLL) was further ex-
tended, for example, by van Nee,4 Braasch,2 and Ray and Cannon.5

Multipathwas experiencedby several researchersincludingFalken-
berg et al.6 and Lachapelle et al.7 in marine differential global posi-
tioning system (GPS) experiments, and Cannon and Lachapelle8 in
static and dynamic land experiments.Tranquillaand Carr9 observed
multipath occurring at various locations, such as rock embank-
ments, high-tension overhead wires, and saltwater/freshwater. No-
tably,Georgiadouand Kleusberg10 detectedcarrier-phasemultipath
usingdual frequencyreceivers.Similarly, there havebeennumerous
publications1,11 ¡ 15 on multipathexperiencesin variousapplications.
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In this paper code and carrier multipath error characteristics are
analyzed by investigating the impact of multipath parameters from
a geometrical perspective through simulation models. The effect
of multiple re� ected signals on a dot-product type of noncoherent
DLL discriminator is also analyzed.Furthermore, the code and car-
rier multipath spatial and temporal correlation and similarities and
differences among code, carrier, and signal-to-noise ratio (SNR)
multipath errors are investigated using simulation and � eld data.
These analyses will help in assessing multipath errors in a given
environment and develop multipath mitigation techniques.

Code Multipath in a Dot-Product Discriminator
Figure 1 shows a blockdiagramof a typicalGPS receiver tracking

loop, which consists of a DLL for code tracking and a Costas loop
for carrier tracking.16,17 In practice, the DLL in a GPS receiver
generallyhas a noncoherenttype of discriminator.18,19 An n parallel
channel receiver will have n such sets of blocks corresponding to
each independent tracking loop.

In a receiver, the digitized intermediate frequency signal is input
to each of these parallel channels. The input signal is beat with the
locally generated in-phase and quadrature-phasereplicasof the car-
rier. The signal is then correlatedwith the prompt (P), early (E), and
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Fig. 1 Typical GPS receiver code and carrier tracking loops.16;17

late (L) versions of the locally generated code, and the correlation
values are integratedfor a predetectionintegrationperiod. The early
and late correlationvalues in the in-phase (I) and quadrature-phase
(Q) arms (IE, IL, QE, and QL) are generallyused for code tracking,
whereas the P correlation values (IP and QP) are used for carrier
tracking. Some code discriminators, such as the dot-product type,
use P correlation values as well.

The incoming GPS satellite signal in a receiver consists of a
direct signal and, often, more than one re� ected signal. Each of
these direct and re� ected signals consists of a carrier modulated by
the code as well as the navigation data bits. Data bits are extracted
in the receiver at a later stage and are of no concern as long as the
predetection integration periods in the receiver tracking loops are
from one data bit boundary to another. The composite input signal,
neglecting the navigation data bit and assuming that the multipath
signal frequency is the same as the direct signal frequency, can be
expressed by the following equation:

sI (t ) = A
nX

i = 0

a i c(t ¡ s i ) cos( x 0t + c i ) (1)

where

A = satellite signal carrier amplitude, V
c( ) = GPS coarse/acquisition or precise code
n = number of direct and re� ected signals
a i = direct and re� ected signal coef� cient, where a 0

corresponds to the direct signal and is equal to 1
c i = satellite signal carrier phase, where c 0 corresponds

to the direct signal phase, rad
s i = satellite signal code delay, where s 0 corresponds to

the direct signal code delay, s
x 0 = satellite signal carrier frequency, rad/s

The re� ected signal carrier phase differs from the direct signal car-
rier phase by 1) the differential path delay and 2) the change in the
phase during re� ection. The former of these factors depends on the
location of the re� ector with respect to the antenna, and the latter
is a function of the re� ector’s physical properties and the angle of
incidence as described in the preceding section.

The local replica of the carrier has frequency and phase equal
to the receiver’s estimate of the incoming satellite signal frequency
and phase. Similarly, the locally generated P code has a delay equal
to the receiver’s estimate of the incoming signal code delay. The
locally generated signal, combining code and carrier, in the I arm
for the prompt correlator then can be expressed as

sIP(t ) = c(t ¡ ˆs 0) cos( ˆx 0t + ˆc 0) (2)

where

ˆc 0 = receiver’s estimate of the signal carrier phase, rad
ˆs 0 = receiver’s estimate of the direct signal code delay, s
ˆx 0 = receiver’s estimate of the signal carrier frequency, rad/s

Then, the IP correlation value, assuming that the incoming and the
locally generated carrier frequencies are the same, is given by

IP = si (t )sIP(t ) =
nX

0

a i
A

2
( ˆs c ¡ s i ) cos( c i ¡ ˆc c) (3)

where R( ) is the correlationfunction.For a PRN codewithout band
limitation, it is de� ned as

A( s ) = 1 ¡ ( j s j / T ), j s j · T

= 0, j s j > T (4)

where

T = PRN code bit period, s
ˆc c = receiver estimate of the incoming signal carrier phase, rad
ˆs c = receiver estimate of the incoming signal code delay, m

Similarly, the IE, IL, QP, QE, and QL correlation values in the
presence of multipath are, respectively,

IE =
nX

0

a i
A

2
R( ˆs c ¡ s i + Td ) cos( c i ¡ ˆc c) (5)

IL =
nX

0

a i
A

2
R( ˆs c ¡ s i ¡ Td ) cos( c i ¡ ˆc c) (6)

QP =
nX

0

a i
A

2
R( ˆs c ¡ s i ) sin( c i ¡ ˆc c) (7)

QE =
nX

0

a i
A

2
R( ˆs c ¡ s i + Td ) sin( c i ¡ ˆc c) (8)

QL =
nX

0

a i
A

2
R( ˆs c ¡ s i ¡ Td ) sin( c i ¡ ˆc c) (9)

For a noncoherentdot-productdiscriminator,thediscriminatorfunc-
tion is given by16

Dn = IP(IE ¡ IL) + QP(QE ¡ QL) (10)

In the presenceof a single dominant re� ector, Eq. (10) can be trans-
formed by using expressions from Eqs. (3–9), to give

Dnm =
1X

i = 0

a i R( ˆs c ¡ s i ) cos( c i ¡ ˆc c)

£

(
1X

i = 0

a i R( ˆs c ¡ s i + Td ) cos( c i ¡ ˆc c)

¡
1X

i = 0

a i R( ˆs c ¡ s i ¡ Td ) cos( c i ¡ ˆc c)

)

+
1X

i = 0

a i R( ˆs c ¡ s i ) sin( c i ¡ ˆc c)

£

(
1X

i = 0

a i R( ˆs c ¡ s i + Td ) sin( c i ¡ ˆc c)

¡
1X

i = 0

a i R( ˆs c ¡ s i ¡ Td ) sin( c i ¡ ˆc c)

)
(11)

Equation(11)canbe expandedandsimpli� ed to obtainthe following
expression:

Dnm = R( ˆs c ¡ s 0){R( ˆs c ¡ s 0 + Td ) ¡ R( ˆs c ¡ s 0 ¡ Td )}

+ a 2
1 R( ˆs c ¡ s 1){R( ˆs c ¡ s 1 + Td ) ¡ R( ˆs c ¡ s 1 ¡ Td )}

+ {a 1 R( ˆs c ¡ s 0)[R( ˆs c ¡ s 1 + Td ) ¡ R( ˆs c ¡ s 1 ¡ Td )]

+ a 1 R( ˆs c ¡ s 1)[R( ˆs c ¡ s 0 + Td ) ¡ R( ˆs c ¡ s 0 ¡ Td )]}

£ cos( c 0 ¡ c 1) (12)
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For continuous tracking, Dnm is equated to zero, and the resultant
delay error is computed. Equation (12) does not have the term ˆc c,
which appears in the case of a coherentdiscriminatorfunction.That
means that, in this case (or for that matter, in any noncoherent dis-
criminator), code tracking does not depend on the carrier-phase
tracking, as long as the carrier frequency is locked. The multipath
error can be computed by assuming that s 0 =0; in that case, ˆs c is
the multipath error.

In the case of multiple re� ectors, the upper limit of the sum-
mation in Eq. (11) will be equal to the number of re� ectors in the
environment.When three re� ectors are assumed in the environment,
Eq. (12) may be expanded and rearranged to give the following ex-
pression:

Dnm = R( ˆs c ¡ s 0){R( ˆs c ¡ s 0 + Td ) ¡ R( ˆs c ¡ s 0 ¡ Td )} + a 2
1 R( ˆs c ¡ s 1){R( ˆs c ¡ s 1 + Td ) ¡ R( ˆs c ¡ s 1 ¡ Td )}

+ a 2
2 R( ˆs c ¡ s 2){R( ˆs c ¡ s 2 + Td ) ¡ R( ˆs c ¡ s 2 ¡ Td )} + a 2

3 R( ˆs c ¡ s 3){R( ˆs c ¡ s 3 + Td ) ¡ R( ˆs c ¡ s 3 ¡ Td )}

+ a 1 R( ˆs c ¡ s 0){R( ˆs c ¡ s 1 + Td ) ¡ R( ˆs c ¡ s 1 ¡ Td )}cos( c 0 ¡ c 1) + a 2 R( ˆs c ¡ s 0){R( ˆs c ¡ s 2 + Td ) ¡ R( ˆs c ¡ s 2 ¡ Td )}cos( c 0 ¡ c 2)

+ a 3 R( ˆs c ¡ s 0){R( ˆs c ¡ s 3 + Td ) ¡ R( ˆs c ¡ s 3 ¡ Td )}cos( c 0 ¡ c 3) + a 1 R( ˆs c ¡ s 1){R( ˆs c ¡ s 0 + Td ) ¡ R( ˆs c ¡ s 0 ¡ Td )}cos( c 0 ¡ c 1)

+ a 2 R( ˆs c ¡ s 2){R( ˆs c ¡ s 0 + Td ) ¡ R( ˆs c ¡ s 0 ¡ Td )}cos( c 0 ¡ c 2) + a 3 R( ˆs c ¡ s 3){R( ˆs c ¡ s 0 + Td ) ¡ R( ˆs c ¡ s 0 ¡ Td )}cos( c 0 ¡ c 3)

+ a 1 a 2 R( ˆs c ¡ s 1){R( ˆs c ¡ s 2 + Td ) ¡ R( ˆs c ¡ s 2 ¡ Td )}cos( c 1 ¡ c 2) + a 1 a 3 R( ˆs c ¡ s 1){R( ˆs c ¡ s 3 + Td ) ¡ R( ˆs c ¡ s 3 ¡ Td )}cos( c 1 ¡ c 3)

+ a 1 a 2 R( ˆs c ¡ s 2){R( ˆs c ¡ s 1 + Td ) ¡ R( ˆs c ¡ s 1 ¡ Td )}cos( c 1 ¡ c 2) + a 1 a 3 R( ˆs c ¡ s 3){R( ˆs c ¡ s 1 + Td ) ¡ R( ˆs c ¡ s 1 ¡ Td )}cos( c 1 ¡ c 3)

+ a 2 a 3 R( ˆs c ¡ s 2){R( ˆs c ¡ s 3 + Td ) ¡ R( ˆs c ¡ s 3 ¡ Td )}cos( c 2 ¡ c 3) + a 2 a 3 R( ˆs c ¡ s 3){R( ˆs c ¡ s 2 + Td ) ¡ R( ˆs c ¡ s 2 ¡ Td )}cos( c 2 ¡ c 3)
(13)

Equation (13) is used for simulating the code multipath error due to
three re� ectors in the environment.

Carrier-Phase Multipath
In a GPS receiver, the carrier phase is measured by accumulating

the phase of the locally generated carrier. In the absence of multi-
path, the local carrier locks onto the direct carrier very accurately,
and as a result, the true phase differencebetween the incoming sig-
nal carrier and the locally generated carrier is nearly zero (actually,
zero mean) at steady state. In the presence of multipath, however,
the composite signal phase shifts from the direct signal phase, and
the numerically-controlled-oscillator-generated local carrier locks
onto the composite carrier phase, resulting in an error in the phase
measurement.This error is equal to the differencebetween the com-
posite signal carrier phase and the direct signal carrier phase.

When Eqs. (3–9) are used and it is assumed that there is a single
dominant re� ector and the local carrier frequencyis the same as the
incoming carrier frequency, the arctan discriminator function can
be expressed as16

Dr = arctan

³
QP

IP

´

= arctan

³
R(ˆs c ¡ s 0) sin(c 0 ¡ ˆc c) + a 1 R(ˆs c ¡ s 1) sin(c 1 ¡ ˆc c)
R(ˆs c ¡ s 0) cos(c 0 ¡ ˆc c) + a 1 R(ˆs c ¡ s 1) cos(c 1 ¡ ˆc c)

´

(14)

The carrier tracking loop tries to minimize Dr during signal track-
ing, and generally its value will be close to zero (actually, zero
mean). When s 0 and c 0 are assumed to be zero, D W = ˆc c ¡ c 0 is
replaced, Eq. (14) is equated to zero, and the proper manipulation
is performed, the following expression is obtained:

D W = arctan

³
a 1 R( ˆs c ¡ s 1) sin c 1

R( ˆs c) + a 1 R( ˆs c ¡ s 1) cos c 1

´
(15)

Here, D W is the difference between the composite signal phase
(which is tracked by the receiver) and the direct signal phase; it
is, therefore, the carrier-phase multipath error. From Eq. (15), it is

clear thatthe re� ectioncoef� cient,multipathdelayand themultipath
phase are the multipath parameters.These multipath parameters are
always de� ned with respect to the direct signal.

When the sameprocedureis followed,the carrier-phasemultipath
due to multiple (in this case three) re� ectors is given by

D W = arctan{[ a 1 R( ˆs c ¡ s 1) sin c 1 + a 2 R( ˆs c ¡ s 2) sin c 2

+ a 3 R( ˆs c ¡ s 3) sin c 3]/ [R( ˆs c) + a 1 R( ˆs c ¡ s 1) cos c 1

+ a 2 R( ˆs c ¡ s 2) cos c 2 + a 3 R( ˆs c ¡ s 3) cos c 3]} (16)

This expression is used to simulate carrier-phase multipath errors
due to multiple re� ectors.

In the case of a single re� ector, the multipath error reaches an
absolutemaximum when the re� ected signal phase is perpendicular
to the composite signal phase.Then the maximum value is given by

D W = arcsin

³
a 1 R( ˆs c ¡ s 1)

R( ˆs c)

´
(17)

The re� ected signal phases corresponding to the maxima and min-
ima of the error can be computed by differentiating Eq. (15) with
respect to c 1 , equating it to zero, and solving for c 1. When the pre-
ceding described steps are performed, it can be determined that the
multipath errors reach extreme values (maxima and minima) at

c 1(max) = cos ¡ 1

³
¡

a 1 R( ˆs c ¡ s 1)
R( ˆs c)

´
(18)

and

c 1(min) = 2 p ¡ cos ¡ 1

³
¡

a 1 R( ˆs c ¡ s 1)
R( ˆs c)

´
(19)

From Eqs. (18) and (19), it is evident that for weak or long delay
re� ectors, the maxima and minima take place when the multipath
phase is close to 90 and 270 deg. However, for strong and close-by
re� ectors, the maxima and minima occur at close to 180 deg of the
multipath phase.

Unlike code multipath errors, which are largely affected by the
predetection bandwidth, carrier multipath errors are not greatly af-
fected by the bandwidth limitation. Lowering the bandwidth has
two effects: 1) the code multipath errors depend on the bandwidth
and, in turn, affect the carrier multipath errors to a small extent and
2) the change in shape of the prompt correlation triangle affects the
carrier multipath errors to a small extent.

SNR Multipath Error
Multipath affects not only the code range and carrier-phasemea-

surements, but also the measured signal power, which is an average
of the composite signal power due to the direct and re� ected signal
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carrier. As the re� ected signal relative phase varies with time, the
power of the composite signal also varies with time, and so does the
measured power.

Note that the code and data bits in the GPS signal do not con-
tribute to the signal power because they merely change the phase of
the carrier depending on the modulation technique employed. The
signal power with or without the data and code bits remains the
same. Therefore, the receiver determines the power of the carrier,
not the code and data.

In a receiver, the average signal power is generally measured
using the prompt correlators and is given by

P = IP2 + IQ2 (20)

When a uniform antenna gain pattern and a single dominant re� ec-
tor are assumed, and the values of IP and IQ from Eqs. (3–9) are
replaced, the signal power can be found and is given by

P = R2( ˆs c) + a 2
1 R2( ˆs c ¡ s 1) + 2 a 1 R( ˆs c)R( ˆs c ¡ s 1) cos c 1

= R2( ˆs c)
¡
1 + a 2

1 a 0 2 + 2 a 1 a 0 cos c 1

¢
(21)

where the correlation ratio is

a 0 =
R( ˆs c ¡ s 1)

R( ˆs c)
(22)

From Eq. (21), the average signal power in the receiver is a function
of the re� ection coef� cient, multipath delay, and multipath phase.
This equation is used for SNR multipath simulation.

Multipath from a Geometrical Perspective
In Fig. 2, a typicalmultipathscenariois shown,wherebyA0 to A4

are several antennasplaced close together in a multiantennasystem,
and the re� ectionsfrom two sources to A0 are shown.The other four
antennas will also be affected by the re� ected signals in a similar
way.

In Fig. 2, h and } are the elevationand azimuthof the direct signal
to the antenna, whereas h k and } k are the elevation and azimuth of
the kth re� ected signal to the antenna. The distance between the
antenna and the re� ector in the horizontal plane is dk , where k is a
particular re� ector.

Two distinct scenarios are shown in Fig. 2. In the � rst case (re-
� ector 1), the antenna (A0) is closer to the satellite compared to
the re� ector, whereas in the second case (re� ector 2), the re� ector is
closer to the satellitecompared to the antenna (A0). These two cases
are generalized situations and representative of all of the possible
scenarios of the antenna–re� ector geometry.

Becausethe satellite is approximately20,000km above the Earth,
the GPS signal can be assumed to travelas parallel rays to the Earth’s
surface.A plane wave front perpendicularto the line of sight can be
assumed to have the same carrier phase. When this plane intersects

Fig. 2 Direct and re� ected signals to an antenna in a multiantenna
system.

the phase center of antenna 0, it has the same carrier phase at all
pointson it, includingpoint P1 (which is the intersectionof the plane
and the line of sight from re� ector 1 to the satellite). Therefore, the
differential path delay of this re� ected signal with respect to the di-
rect signal is P1 R1 + R1 O . The corresponding differential phase
delay is computedby dividing the differentialpath delay by the sig-
nal wavelength. This assumes no phase change due to re� ection of
the signal. This assumption is acceptable to characterize multipath
errors and their dependencyon geometry in a relative sense. To de-
termine the absolute multipath errors, however, the phase change
due to re� ection of the signal should be accounted for.

Similarly, for case 2, a plane perpendicular to the line of sight
fromre� ector2 to the satelliteintersectsthe line of sight from the an-
tenna under consideration at point P2. In this case, the differential
path delay is given by R2 O ¡ P2 O .

Therefore, if the direct signalphase at the antennais available,the
re� ected signal phase can be computed by adding the differential
phase delay due to the differential path delay (under the mentioned
assumption) to the direct signal phase.

To compute the effects of multipath, the mentioned differential
path delays need to be formulated by a mathematical expression.
Using solid geometry, it can be shown that the differential path
delay in either situation is given by (see the Appendix)

ak = dk[(1/ cos h k ) ¡ tan h k sin h ¡ cos h cos( } ¡ } k )] (23)

where

ak = differential path delay of the kth re� ected signal, m
dk = horizontal distance between the antenna and the kth

re� ector, m
h = elevation of the direct satellite signal, rad
h k = elevation of the kth re� ected signal, rad
} = azimuth of the direct satellite signal, rad
} k = azimuth of the kth re� ected signal, rad

The differential path delay expression is a function of the satellite
elevation and azimuth, the re� ected signal elevation and azimuth,
and the antenna–re� ectordistancein the local level horizontalplane.
This expression is further exploited to analyze the behavior of the
carrier-phasemultipath error.

With the assumption that the multipath phase is only due to the
differential path delay, it can be expressed as

c 0k = c k ¡ c 0 = 2p ak / k L (24)

where

c k = kth re� ected signal phase at the antenna phase center, rad
c 0 = direct signal phase at the antenna phase center, rad
k L = wavelength of the carrier, m

The multipath error is directly related to the multipath phase. The
multipatherrorvariationis due to thevariationin themultipathphase
or the differential path delay. The multipath frequency depends on
the rate of change of the multipath phase, or the differential phase
delay. The multipath frequency due to a single dominant re� ector
may be computed by taking the time derivative of the multipath
phase expression from Eqs. (23) and (24) and is given by

d c 01

d t
=

2 p d1

k L

³
{sin h cos( } ¡ } 1) ¡ cos h tan h 1}

d h

d t

+ {cos h sin( } ¡ } 1)}
d }

d t

´
(25)

Equation (25) relates the multipath error frequency with satellite
dynamics. The expression is obtained under the assumption that
the antenna–re� ector geometry (de� ned by d1, h 1 , and } 1) does
not change signi� cantly over the period under consideration. This
assumption does not generally hold for kinematic receivers, where
the antenna–re� ector geometry may change rapidly. Furthermore,
in stationarysituations,the antenna–re� ector geometrychangescan
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be taken care of by taking the partial derivatives with respect to the
re� ected signal elevation and azimuth in Eq. (23).

It is evident from Eq. (25) that the multipath error frequency is
1) directly proportionalto the distance between the antenna and the
re� ector, 2) inversely proportional to the wavelength of the carrier
signal, 3) directly proportional to the rate of change of elevation of
the satellite,4) directlyproportionalto the rate of changeof azimuth
of the satellite, and 5) dependent on the antenna–re� ector and the
line-of-sightvectors.

Simulation Description
A multipath simulation and mitigation software (MultiSiM) for

the GPS was developedusing the C programminglanguageon a per-
sonal computer platform. The software consists of two main parts,
namely, simulation and mitigation. The � rst part allows the user
to de� ne the multipath environment and the antenna setup through
the input parameters. The second part, on the other hand, uses vari-
ous multipathmitigation schemes to reduce the simulatedmultipath
errors.

The major inputs to the simulator are re� ector parameters and
antenna parameters. The major outputs from the simulator are true
rangeand phase,measuredrange and phase contaminatedwith mul-
tipath and receiver noise, and estimated range and phase.

The user can input the number of re� ectors per satellite and their
locationswith respectto theantennapositionto simulatea controlled
multipath environment. The user can also con� gure the antenna
setup, that is, the number of antennas in the antenna array, absolute
position of one of the antennas (the reference antenna), and relative
positions of all other antennas (secondary antennas) with respect to
the reference antenna.

The range and phase of the direct and re� ected signals at each
antenna may be determined by computing the distance traveled by
the signal up to the antenna. For the direct signal, it is the distance
between the satellite and the antenna, whereas for the re� ected sig-
nals, it is the total distance from the satellite to the re� ector, plus
the re� ector to the antenna. The phases of the direct and re� ected
signalsare assumed to be only a functionof the rangesand are com-
puted directly from the ranges. The possible change in phase due
to re� ection of the signal is not considered in this simulation. The
satellite position is determined from stored ephemeris data.

The noiseless measured code range is the sum of the direct range
between the antenna and the satellite and the code multipath er-
ror. The code multipath error is computed by using Eq. (13) and
� nding the difference between the zero crossings of the multipath-
corrupteddiscriminatorfunctionand the multipath-freediscrimina-
tor function. A single observationfrom the direct and the numerous
re� ected signals is generated per satellite–antenna combination.

The measured carrier phase without noise contains two parts: the
integer and fractional cycle components. When the direct signal is
assumed to be stronger than the indirect signal, the integer cycles in
the measured carrier phase are the same as the direct signal’s integer
cycles. The phase of the fractional cycle of the re� ected signal is
what actually corrupts the phase of the fractionalcycle of the direct
signal, depending on its relative strength and phase. Equation (16)
is used to compute the multipath error on the fractional part of the
carrier phase.

Simulation and Field Results
Multipath Error Versus Re� ector Location

Figures 3a–3c show code multipath errors due to one, two, and
three re� ectors, respectively. For the case of a single re� ector at a
distance of 15 m (multipath delay 3.6 m) from the antenna, and a
re� ection coef� cient of 0.5, the multipath error is uniform and has
slow variations in periodicity due to satellite dynamics (Fig. 3a).
The re� ector and the antenna positions were assumed to be sta-
tionary during the simulation. In the presence of a second re� ector
at a distance of 50 m (multipath delay 55.2 m) from the antenna,
and re� ection coef� cient of 0.2, the multipath error becomes quite
irregular (Fig. 3b). The effect of the second re� ector is quite sig-
ni� cant in spite of a lower re� ection coef� cient. This is because,
from the code multipath error envelope, re� ection from a close-by
object produces small multipath errors and, therefore, is less dom-

a)

b)

c)

Fig. 3 Code multipath error, where ®1 = 0.5, ®2 = 0.2, ®3 = 0.2, d1 =
15 m, d2 = 50 m, d3 = 20 m, a1 = 3.6 m, a2 = 55.2 m, and a3 = 30.1 m, due
to a) one re� ector, b) two re� ectors, and c) three re� ectors.

a)

b)

c)

Fig. 4 Carrier phase multipath error, where ®1 = 0.5, ®2 = 0.2, ®3 =
0.2, d1 = 15 m, d2 = 50 m, d3 = 20 m, a1 = 3.6 m, a2 = 55.2 m, and a3 =
30.1 m, due to a) one re� ector, b) two re� ectors, and c) three re� ectors.

inant compared to multipath due to a farther object.2 The addition
of a third re� ector at a distance of 20 m (multipath delay 30.1 m)
from the antenna, and a re� ection coef� cient of 0.2, have made the
multipath error more irregular (Fig. 3c).

Figures 4a–4c show carrier phase multipath errors due to one,
two, and three re� ectors, respectively,as described in the preceding
paragraph (corresponding to Figs. 3a–3c). For the case of a single
re� ector, the multipath error is regular and has a slow variation in
periodicity (Fig. 4a). In the presence of a second re� ector, the mul-
tipath error pattern does not change signi� cantly compared to the
code multipath case (Fig. 4b). This is also evident in the presenceof
a third re� ector (Fig. 4c). The reason for the second and third re� ec-
tors having a less signi� cant contribution in the carrier phase case
can be explainedfrom the carrier-phasemultipath error envelope.2,4

Unlike the code, the carrier-phase multipath error amplitude pro-
portionately decreases as the multipath delay increases. Multipath
delays in the cases of second and third re� ectors are longer than the
case of the � rst re� ector. Furthermore, the re� ection coef� cient of
the � rst re� ector is higher than the other two, which makes the � rst
re� ector the dominant re� ector in this case.

Multipath Spatial Correlation
Figures 5a–5e show simulated code multipath errors due to three

re� ectors at � ve closelyspaced antennas,which are placed 5–10 cm
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a)

b)

c)

d)

e)

Fig. 5 Code multipath error in � ve closely spaced antennas due to
three re� ectors: ®1 = 0.4, ®2 = 0.3, ®3 = 0.2, d1 = 10 m, d2 = 30 m, d3 =
56 m, a1 = 8.8 m, a2 = 26.2 m, and a3 = 54.4 m.

a)

b)

c)

d)

e)

Fig. 6 Code multipath errors in � ve closely spaced antennas for satel-
lite 31 on 20 Oct. 1998.

from each other. It is assumed that the size of the re� ector is much
higher compared to the largest distance among the antennas, such
that all of the antennas in the multiantennaassembly are affectedby
the same re� ector. It is clear from Fig. 5 that the multipath errors are
highly correlated between antennas and have very similar patterns.
However, they have different phases due to different differential
path delays (hence, different multipath phases) of the re� ected sig-
nal. Because of these phase differences,multipath errors do not get
cancelled by taking a single difference of the errors in two closely
spaced antennas.

This is further con� rmed using � eld data. The data were col-
lected on the roof of the Engineering Building of the University
of Calgary using NovAtel BeeLineTM receivers.20 It is a moderate
multipath environment with re� ections coming from the concrete
roof and four surroundingwalls.Figures6a–6e showcodemultipath
errors for satellite 31 from data collected on 20 October 1998 on
� ve closelyspacedantennas separatedby 5–10 cm. Multipatherrors
for the antennasare generallyconsistent;however, unlike simulated
multipath errors, the errors in each antenna are not due to the same
set of re� ectors. Furthermore, the multipath phase changes are not
smooth due to the irregular and complex environment compared to
the simulated environment. These are the primary reasons for the
dissimilarities in the multipath patterns in the closely spaced anten-

a)

b)

c)

d)

Fig. 7 Single differenced code multipath errors in � ve closely spaced
antennas for satellite 31 on 20 Oct. 1998; A0 ¡ An denotes single differ-
ence between antennas 0 and n.

a)

b)

c)

d)

e)

Fig. 8 Carrier phase multipath error in � ve closely spaced antennas
due to three re� ectors: ®1 = 0.4, ®2 = 0.3, ®3 = 0.2, d1 = 10 m, d2 = 30 m,
d3 = 56 m, a1 = 8.8 m, a2 = 26.2 m, and a3 = 54.4 m.

nas. The multipath errors in the antennas do not cancel out through
single differencing between the errors in two antennas, which is
demonstrated in Figs. 7a–7d. However, their relationships can be
exploited to estimate the multipath error at individual antennas, as
described by Ray et al.21

Similar to the code multipath error case, Figs. 8a–8e show simu-
lated carrier multipath errors at the same closely spaced antennas. It
is clear from Figs. 8 that the multipath errors are highly correlated.
However, they do not cancel out by single differencing across two
antennas. This is recon� rmed using � eld data. Figures 9a–9e show
carrier multipath errors for satellite 31 from the same � eld data de-
scribed earlier. Figures 10a–10d show the single differences of the
carrier-phase multipath errors between the antennas. It is evident
from Figs. 10 that multipath errors are not the same even for two
antennas separated by a small distance. The relationship between
multipath errors in closely spaced antennas can be used to estimate
the carrier-phase multipath errors in each antenna as described in
Refs. 22 and 23.

Multipath Repeatability and Temporal Correlation
Multipath repeatability and temporal correlation was examined

for the code and carrier cases. The data collected on the roof of
the Engineering Building as described earlier was used for the in-
vestigation. The code multipath error was extracted for satellite 31
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a)

b)

c)

d)

e)

Fig. 9 Carrier phase multipath errors in � ve closely spaced antennas
for satellite 31 on 20 Oct. 1998.

a)

b)

c)

d)

Fig. 10 Singledifferenced carrier phasemultipatherrors in � ve closely
spaced antennas for satellite 31 on 20 Oct. 1998; A0¡ An denotes single
difference between antennas 0 and n.

(elevation angle 21–34 deg) from data collected on 7 and 8 October
1998 and is shown in Fig. 11 using a shaded dark line and shaded
light line for the two days. Multipath errors extracted from the data
on 8 October are plotted and are offset by approximately4 min with
respect to the errors extracted from the data collected on 7 October.
As the sidereal day is approximately four less than 24 h and the
antenna–satellite and antenna–re� ector geometry repeat exactly af-
ter a sidereal day, the multipath errors should repeat after a sidereal
day. From Fig. 11, it is clear that multipath errors repeat to a great
extent after a sidereal day.

Figure 12 shows the cross-correlationfunction of the code multi-
path errors on 7 October and 8 October for satellite31. From Fig. 12
it can be seen that the multipath errors have maximum correlation
after a sidereal day. The extent of the repeatability is approximately
90% for satellite 31. A correlation time of approximately 2–3 min
was found in this case.

The carrier-phasemultipath errors for satellite 31 were computed
using data collected on 7 October 1998 and are shown in Fig. 13
usinga shadeddark line. Similarly, the multipath errors for the same
satellitewas computedusing8 Octoberdata and is superimposedon
Fig. 13 but shifted by approximately4 min in the time (shown using
a shaded light line). From Fig. 13, it is clear that the carrier-phase
multipath errors repeat after a sidereal day.

Figure 14 shows the cross-correlation function of the carrier-
phase multipath errors on 7 October and 8 October for satellite 31.

Fig. 11 Code multipath errors for satellite 31 on 7 Oct. 1998 shown in
shaded dark line and on 8 Oct. 1998 shown in a shaded light line.

Fig. 12 Correlation coef� cients of code multipath errors for satellite
31 using the data collected on 7 and 8 Oct. 1998.

Fig. 13 Carrier phase multipath errors for satellite 31 on 7 Oct. 1998
shown in shaded dark line and on 8 Oct. 1998 shown in a shaded light
line.

From Fig. 14, it can be seen that the multipath errors have a maxi-
mum similarityafter a siderealday. The extentof the repeatabilityis
approximately70%in thiscase.A correlationtime of approximately
5–6 min was found in this case.

Comparing the code and carrier multipath errors in Figs. 12 and
14 and Figs. 3c and 4c several comments can be made.

First, code multipath errors have higher frequency components
compared to the carrier phase. This is because the code and car-
rier discriminator functions in the receiver tracking loops respond
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Fig. 14 Correlation coef� cients of carrier phase multipath errors for
satellite 31 using the data collected on 7 and 8 Oct. 1998.

Fig.15 L1 andL2carrier phasemultipatherrors dueto three re� ectors
in a dark and light shaded line, respectively: ®1 = 0.5, ®2 = 0.3, ®3 =
0.2, d1 = 15 m, d2 = 30 m, d3 = 20 m, a1 = 3.6 m, a2 = 14.6 m, and a3 =
32.0 m.

differently in the presence of multipath signals. The code discrim-
inator produces multipath errors of high magnitude due to distant
re� ectors, which causes high-frequency multipath. Therefore, the
code multipath error is dominated by high-frequencycomponents.
On the other hand, the carrier discriminator produces multipath er-
rors of high magnitude due to close-by re� ectors, which cause low-
frequency multipath errors. From Figs. 11 (or 3c) and 13 (or 4c),
it can be seen that the dominant re� ectors in the code and carrier
multipath errors are not the same. For code multipath errors, it is
the far away re� ectors, whereas for carrier multipath errors, it is the
close-by re� ectors that dominate the composite multipath errors.

Second, the correlationcoef� cients (a measure of the day-to-day
repeatability) for code multipath errors are higher than those of the
carrier phase. This is because the carrier-phase residuals have high
phase noise because they are double-differenced residuals. There-
fore, the effects of the carrier noise are higher compared to that of
the code noise on the correlation coef� cient. Because the receiver
noise on day one is uncorrelated with the noise on day two, code
residuals, which are comparatively less affected by the code noise,
have higher correlationcoef� cients compared to their carrier-phase
counterparts.

Multipath Error Versus Carrier Frequency
Figure 15 shows simulatedmultipath errors in L1 and L2 carriers

due to three re� ectors. In Figs. 15, the dark shadederrors correspond
to the L1 carrier and the light shadederrors to the L2 carrier.Several
important observationscan be made from Figs. 15. 1) The multipath
error has the same amplitude (in radians) for the L1 and L2 carrier
(although when multiplied by the wavelength to convert the error
into units of distance, the L2 multipath error has a larger amplitude

than that of L1). 2) The multipath error has a different phase for the
L1 and L2 carrier. At a particular instant, the multipath error for the
L1 and L2 carriers look arbitrary, but over a time span, it becomes
evident that the error signals have similar patterns. The multipath
error dependencyon frequencyis also explainedby Georgiadouand
Kleusberg.10

Code, Carrier, and SNR Multipath Error Synergy
The code, carrier, and SNR are affected by multipath in different

ways. Figure 16 shows the code, carrier, and SNR error patterns in
the presence of a multipath signal with a re� ection coef� cient of
0.7. It can be seen that the code and SNR error patterns are in phase
with respect to each other, whereas the carrier-phaseerror pattern is
quadraturephase with respect to the code and SNR errors. The uni-
form pattern of these errors and their interrelationshipsis such that
if any of these three errors is known, it may be possible to estimate
the other two if a suitable relationship can be established among
the three.

Figures 17 and 18 show the code, carrier, and SNR multipath er-
rors for satellites31 and9, respectively,from thedatacollectedon20
October 1998. It is clear from Figs. 17 and 18 that the code, carrier,
and SNR multipath errors have similar patterns.Generally the code
multipath has more prominent oscillations compared to the carrier
and SNR errors. This suggests that there is one or more far away
re� ectors, which play a dominant role in the case of the code. The
carrier-phase multipath looks noisier because it was computed by
taking double differencesbetween antennas and between satellites,
which increases the amount of thermal noise.

The most interesting observation from Figs. 17 and 18 is that
the code and SNR multipath errors are of the same phase for both
satellites.However, the carriermultipath is phaseoffsetwith respect

Fig. 16 Code, carrier, and SNR multipatherrors due to a re� ector with
re� ection coef� cient of 0.7.

Fig. 17 Code, carrier, and SNR multipatherrors for satellite 31 in data
collected on 20 Oct. 1998.
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Fig. 18 Code, carrier, and SNR multipath errors for satellite 9 in data
collected on 20 Oct. 1998.

to the code and SNR errors. If the carrier multipath is left shifted
in time by approximately 2 min, then there is a higher degree of
temporal correlation among the code, carrier, and SNR errors. This
is in accord with the theoretical and simulated relationships among
the code, carrier, and SNR multipath errors.

Conclusions
Multipath is a major source of error for high-accuracy differ-

ential code and carrier positioning. Effective multipath mitigation
techniques or multipath avoidance requires a sound understanding
of its characteristics. In this paper, various code, carrier, and SNR
multipath characteristicsare analyzed using simulation models and
� eld data.

This paper derives various relationships between multipath pa-
rameters such as the multipath amplitude, phase, and frequency
with respect to satellite dynamics, antenna–re� ector distances, and
antenna–re� ector geometry. It was found that the presenceof multi-
ple re� ectorsin theenvironmentmakes themultipatherrors irregular
in nature. The location of the re� ector plays different roles on code
and carrier multipath errors. Distant re� ectors play a dominant role
for code, whereas close-by re� ectors play a dominant role for the
carrier. As a result, the multipath error correlation time is different
for the code and the carrier. In a complex multipath environment,
the correlation time is in� uenced by the dominant re� ector in the
environment.

It was also found that the multipath errors in L1 and L2 carriers
have similar patterns, but different periods. Further investigations
revealed that the code, the carrier, and the SNR multipath errors are
phase related.The code and the SNR errors have similar phases, and
the carrier multipath is phase offset with respect to the code. This
was further con� rmed by the � eld data.

This analysis may be further extended using image theory of
electromagneticsignals.The changein signalphaseandpolarization
due to re� ection, and its effect on various antennas, requires further
research.

Appendix: Computation of Multipath Delay from a
Geometrical Perspective

The differential path delay of the multipath signal with respect to
the direct signal can be obtained from a geometrical perspective as
shown in Fig. A1. Figure A1 is similar to Fig. 2, except that only
one antenna and a single re� ector case is considered here. This is
one of the two scenarios that represent all of the possible scenarios
of the antenna–re� ector geometry.

In Fig. A1, the direct and re� ected signals arrive at the antenna at
point O . P1 is the point of re� ection, and P11 is its footprinton the
XY plane. The solid lines in Fig. A1 are GPS signals. The dotted
lines are on the XY plane and the dashed lines are either slant or
vertical. The dotted and dashed lines are drawn for the purpose of
analysis only. They are described as follows:

Fig. A1 Direct and re� ected signals at an antenna to compute the dif-
ferential path delay from a geometrical perspective.

1) Draw a dotted line (OP12) perpendicular to the projection of
the direct signal to the antenna on the XY plane (CO).

2) Draw a dotted line (P11P12), which is a projection of the
direct signal to the re� ector on the XY plane (AP1). This intersects
the line drawn in step 1 at point P12.

3) Draw a dashed line (P11P13) from P11 with an elevation
angle of the direct signal and in the same vertical plane on which
the direct signal to the re� ector lie.

4) Draw a dashed line (P12P15) from point P12 and perpendic-
ular to the XY plane. This intersects the line drawn in step 3 at P13.
This also intersects the direct signal to the re� ector at point P15.
Then P15P1 and P13P11 are parallel and of equal length.

5)Draw a dashedline (P12P14)frompoint P12,which intersects
the direct signal to the re� ector at point P14 orthogonally.

From Fig. A1 it can be observed that the plane containing the
points O , P12, and P14 is a wave front of the direct signal. There-
fore, at any point on this plane, the signal will have the same phase.
Then the re� ected signal relativepath delay (or the multipath delay)
is equal to j P14P1 + P1O j .

Now, from the paralleolgram P11P13P15P1,

j P15P1 j = j P13P11 j = j P12P11 j / cos h (A1)

From the triangle P11OP12,

6 OP12P11 = 90 deg (A2)

6 P11OP12 = } 1 ¡ ( } + 90) (A3)

j OP11j = d1 (A4)

Then,

j P12P11j = j OP11 j sin( 6 P11OP12)

= d1 sin[} 1 ¡ ( } + 90)]

= d1 cos( } ¡ } 1) (A5)

Therefore, from Eqs. (1) and (5),

j P15P1 j = d1 cos( } ¡ } 1) / cos h (A6)

Now, in the triangle P12P15P14

6 P15P14P12 = 90 deg (A7)

6 P14P12P15 = h (A8)
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j P12P15j = j P12P13 j + j P13P15 j

= j P12P13 j + j P11P1 j

= j P11P12 j tan h + d1 tan h 1

= d1 cos( } ¡ } 1) tan h + d1 tan h 1 (A9)

Therefore,

j P15P14j = j P12P15 j sin h

= {d1 cos( } ¡ } 1) tan h + d1 tan h 1}sin h (A10)

Therefore, the differential path delay

j P14P1j + j P1O j = j P15P1j ¡ j P15P14j + j P1O j

= [d1 cos( } ¡ } 1)]/ cos h ¡ [d1 cos( } ¡ } 1) tan h

+ d1 tan h 1] sin h + d1 / cos h 1

= d1 cos( } ¡ } 1) / cos h ¡ d1 cos( } ¡ } 1) sin2 h / cos h

¡ d1 tan h 1 sin h + d1 / cos h 1

= d1{1/ cos h 1 ¡ tan h 1 sin h ¡ cos h cos( } ¡ } 1)} (A11)

The same result is obtained for the second re� ector shown in Fig. 2.
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